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Abstract 



Using the general theory of |1C], quantum Poincare groups (with- 



out dilatations) are described and investigated. The description con- 
tains a set of numerical parameters which satisfy certain polynomial 
equations. For most cases we solve them and give the classification of 
quantum Poincare groups. Each of them corresponds to exactly one 
quantum Minkowski space. The Poincare series of these objects are 
the same as in the classical case. We also classify possible i?-matrices 
for the fundamental representation of the group. 
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Introduction 



The Minkowski space with the Poincare group acting on it is the area of the 
quantum field theory. However, it is not known yet what is the area of a 
more deep theory, which would involve also the gravitational effects. It was 
suggested by many authors that it would be a quantum space. It means that 
instead of functions on spacetime we would have elements of some noncom- 
mutative algebra, called "the algebra of functions on the quantum space". 
On the other hand, such a quantum space should be in some sense similar 
to the ordinary Minkowski space. The simplest models of such a situation 
can be obtained by choosing some properties of Minkowski space endowed 
with the action of Poincare group and classifying all quantum groups and 
spaces which satisfy those properties. There are many examples of quantum 
Poincare groups, the corresponding Minkowski spaces and R-matrices (cf e.g. 
[0]) IH> 0> [Q> [HH remarks in concerning these papers) but 



such classification still doesn't exist. Our aim is to provide it. In Section 1 
we define a quantum Poincare group as a quantum group which is built from 
any quantum Lorentz group and translations and satisfies some natu- 
ral properties. The corresponding commutation relations are inhomogeneous 
and contain a set of parameters Habcd, Tabcd- Our scheme contains the 



examples provided in |Q, but doesn't contain the examples of 0, [|TI 
[|] (see however Remark S3. 9 of because we consider quantum Poincare 
groups without dilatations. Also the example (formulated in the language 
of universal enveloping algebras) has no corresponding object in our scheme 
(for q^±l). 

It turns out that there are many quantum Lorentz groups which can be 
used in our construction. However all of them correspond to g = ±1. For 
each such quantum Lorentz group (except the classical one and one more 
for q = —1 which are considered in Remark |1.8D we classify all quantum 
Poincare groups. We also provide the corresponding quantum Minkowski 
spaces and R-matrices for the fundamental representation of the quantum 
Poincare group (for one family of considered quantum Poincare groups there 
is no nontrivial R-matrix). The Poincare series of the corresponding objects 
are the same as in the classical case. The proofs of our results (using p!0[] ) 
are contained in Section 2. In particular, the question of finding all quan- 
tum Poincare groups is reduced to a set of polynomial equations for Habcd, 
Tabcd which we solve (in the indicated cases) using the computer MATHE- 
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MATICA program. Some results of the present paper were presented in 



In [16| a similar classification is provided in the case of Poisson manifolds 



and Poisson-Lie groups. 

We use the terminology and results of [|T0|. Letter S means that we make 
a reference to |T0|, e.g. Theorem S3.1 denotes Theorem 3.1 of |10|, (SI. 2) 
denotes equation (1.2) of ||10[- The small Latin indices a,b,c,d, . . . , belong to 
X = {0, 1, 2, 3} and the capital Latin indices A, B,C, D, . . . , belong to {1, 2}. 
We sum over repeated indices which are not taken in brackets (Einstein's 
convention). The number of elements in a set B is i^B or \B\. Unit matrix 
with dimension is denoted by Iat, 1 = I2. The Pauli matrices are given 
by 




(To = i2, CTi = , „ , a2 = \ ■ „ , as 





If V, W are vector spaces then Tyw '■ V <^W — > W <^V is given by ty]y{x ® 
y) = y<^x, xEV,yE W. We often write r instead of Tyw- We denote 
C, = C\{0}, = R\{0}. 



1 Quantum Poincare groups 

In this Section we define and (in almost all cases) classify quantum Poincare 
groups as objects having the properties of usual (spinorial) Poincare group. 
The proofs of the results are shifted to Section 2. 

The (connected component of) vectorial Poincare group 

P = SOo{l, 3) ^ R^ = {(M, a) : M G SOo{l, 3), a G R^} 

has the multiphcation (M, a) ■ (M', a') = {MM', a + Ma'). By the Poincare 
group we mean spinorial Poincare group (which is more important in quan- 
tum field theory then P) 

P = SL{2, C)C<R'^ = {{g,a) : g e SL{2, C), a G R^} 

with multiphcation {g, a) ■ {g', a') = {gg', a + Xg{a')) where the double covering 
SL{2,C) 3 g — > Xg G 5'0o(l,3) is given by Xg{x)iai = g{xj(rj)g^, g G 
SL{2, C), X G R^. The group homomorphism n : P 3 {g,a) — > {Xg, a) E P 
is also a double covering. In particular, (—12,0) G P can be treated as 
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rotation about 27r which is trivial in P but nontrivial in P (it changes the 
sign of wave functions for fermions). Both P and P act on Minkowski space 
M = as follows {g,a)x = {\g,a)x = XgX + a, g G SL{2,C), a,x E R^, 
and give affine maps preserving the scalar product in M (in more abstract 
setting we would treat M as an affine space without distinguished 0). Let us 
consider continuous functions wab^ Pi on P defined by 

WAsig, a) = gAB, Pi{g, a) = en- 

We introduce Hopf *-algebra Poly(P) = {B, A) of polynomials on the 
Poincare group P as the *-algebra B with identity / generated by wab and 
Pi, A, B = 1,2, i E I (according to Introduction, I = {0,1,2,3} in this 
Section) endowed with the comultiphcation A given by {Af){x,y) = f{x-y), 
f E B, x,y E P {f*{x) = f{x)). In particular, 

Aw CD = WcF ® WpD, ^Pi =Pi®I + Aij (g) Pj, 

Pi = Pi: where 



(1.1) 



A = V-\wOw)V, 



V 



/ 1 1 \ 

1 -z 

I i 

V 1 -1 / 



:i.2) 



In order to prove ( |1 . 1| ) we notice that 

{AwcD)iig,a), ig\a')) = wcDigg',a + Ag(a')) = {gg')cD = 
gcFgpD = wcFig,a)wFDig',a) = {wcF^WFD)iig,a),{g',a')), 

i^Pi)ii9, a), i9\ a)) = PiigQ, a + Ag(a')) = a* + Ag(a')i = 
ai + iXg)ija'j = p^{g,a)+Aij{g,a)pj{g',a') = {pi® I + Kij®Pj){{g,a),{g' ,a')), 
where we used the formulae {ai)cD = VcD,i and 

Vc'D,i(Ag)jj = {Xg)ij{o-i)cD = {g(^jg~^)cD = 

gCE{o-j)EF{g~^)FD = WcE{g,a)VEF,jWDF*{g,a) = 
{wcEWDFVEF,j){g,a') = VcD,iKj{.g,a). 
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Since tcd,ef = ^cf^de, we get 

V = tV (1.3) 

and A = A. We put p = {pi)i(zx- One can treat wcd as continuous functions 
on the Lorentz group L = SL{2,C) {wcoig) = den, 9 G L). We define 
Hopf *-algebra Poly(L) = {A, A) of polynomials on L as *-algebra with / 
generated by all wcd endowed with A obtained by restriction of A for B to 
A. Clearly w and A are representations of L. It is easy to check that 

1. i3 is generated as algebra by A and the elements pi, i E 2. 

2. ^ is a Hopf *-subalgebra of B. 

3. 7^=^"^ ^^isa representation of B where A is given by ( |1.2|) . 

4. There exists i G X such that Pi ^ A. 

5. C r where T = AX + A, X = span{j9j -.iel}. 

6. The left ^-module A ■ spa.ia{piPj,pi, I : i, j E 1} has a free basis consisting 
of 10 + 4 + 1 elements. 

( 5. and 6. follow from the relations Pia = api, piPj = PjPi, a E A, and 
elementary computations, a free basis is given by {piPj,Pi, I '■ i & I}) ■ 

According to |T^, Poly(L) satisfies: 

i. {A, A) is a Hopf *-algebra such that A is generated (as *-algebra) by matrix 
elements of a two-dimensional representation w 

ii. wQ)w ~ / © where is a representation 

iii. the representation w(j)w — wCDw is irreducible 

iv. if A', A', w' satisfy i.-iii. and there exists Hopf *-algebra epimorphism 
p : A' — > A such that p{w') = w then p is an isomorphism (the universality 
condition) 

We say fl^ that if is a quantum Lorentz group if Po\j{H) = {A, A) 
satisfies i.-iv.. 

Definition 1.1 We say thatG is a quantum Poincare group if Hopf *- algebra 
Poly(G) = {B,A) satisfies the conditions 1.-6. for some quantum Lorentz 
group H with Poly(if) = (.4., A) and a representation w of H . 
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Remark 1.2 The condition 5. follows from VCDw ~ w(DP, V(l)w ~ w(DP, 
while 6. is suggested by the requirement W(V(l)P) = (V(iyP)W for a "r-like" 
matrix W (of Theorem \1.13^ . Moreover, the condition 4- is superfluous (it 
follows from the condition 6. and Proposition SO.l). 



Remark 1.3 Different choices of {H,w) can give *-isomorphic B. 



Theorem 1.4 Let G be a quantum Poincare group, Poly(G') = {B,A). Then 
A is linearly generated by matrix elements of irreducible representations of 
G, so A is uniquely determined. Moreover, we can choose w in such a way 
that A is the universal * -algebra generated by wab, A,B = 1,2, satisfying 



{wQ)w)E = E, 

E'{w®w) = E', 
X{wOw) = {w®w)X, 

where X = tQ' and 
1) E = ci 62 - 62 ® ci, E' = -e^ 



6^ + 6^ 



Q' 





t 

t 





< t < 1, 



2) 



E, E' as above , Q' = 

3) E = 6i® 62 - 62 ®6i+6i® 6i, E' = 

1 r 

10 

^ ~ 10 

1 



" 1 








1 





1 














1 














1 



+ 



or 



or 



6^ + 6^ 



r > 0, 



or 



:i.4) 

:i.5) 
:i.6) 
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4) 



1110 
10-1 
1-1 
1 



E, E' as above , Q' 

5) E = ei® 62 + 62® 6i, E' = 6^ ®6^ + 6^ ® 6^, 

Q' = % 





-t 

-t 





, < t < 1, 



6) 



E, E' as above , Q' 



7) 



E, E' as above , Q' 



' 1 








1 " 





-1 














-1 





. 








1 _ 




r 








= i 





—r 


s 







s 


—r 




s 









s 




or 



or 



or 



r = (t + r^)/2 



(t-r^)/2, 0<t<l, 



ei 



(1 0), 



1 



Moreover, all 



the above triples {E,E',Q') give nonisomorphic A). We can (and will) 
choose Pi in such a way that p* = Pi. 



In the following we assume that G is a quantum Poincare group, Poly(G) = 
{B, A) and w,p are as in Theorem |1.4| . We set q = q^^"^ = 1 in the cases 1)- 
4), q = -1, ^ ^ in ^i^g pases 5)-7), s = ±1, L = sq^/\l^^ + q-^EE'), 
L = qrLr, G = (y'^®l){l®X){L®l){l®V), G = {V-^®1){1®L){X-^® 
1)(1 ®V),R= (F-i ® V-^){1 ®X ®1){L®L){1® ® 1){V ® V). 
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Theorem 1.5 B is the universal * -algebra with I generated by wab (ind pi 
satisfying ^1.4\ ), o^i^d 

Pia = {a* fij)pj + a*rii - Aij{r]j * a), a e A, (1.7) 

{R - l'^^)kl,ij{piPj - r]i{Ajs)Ps + Tij - AimAjnTmn) = 0, (1.8) 

P*=P^, (1-9) 

where f = {fij)ijej, rj = (?7i)tgj and T = (Tjj)jjgj are uniquely determined 
by s = ±1, Hefcd,Tefcd ^ C and the following properties: 

a) A3 a — > p{a) = ( '^^^^ ^e(al ) ^ ^^i^) ^ unital homomorphism 



b) p{a*) = p{S{a)), aeA, 

C) fijiwco) = GiC,Dj, Vii^Co) = V^'epHeFCD, Tij = {V'^®V'^)ij^EFCDTEFCD- 

The * -H op f structure in 'Po\y{G) is determined by: 

Aw = w®w, Aw = wQ)w, Ap = p®I + AQp, 

e{w) = l, e{w) = l, ,e(p) = 0, 
S{w) = w^-^, S{w) = w^^, S{p) = —A^^p. 
Quantum Poincare groups corresponding to different s are nonisomorphic. 



Theorem 1.6 For each case in Theorem [7T^ and each s (except the case 1), 
s = \, t = \ and the case 5), s = ±1, t = 1) we list H and T giving (via 



formulae in Theorem all nonisomorphic quantum Poincare groups G: 
1), s = -l,t 



I: 



Hefcd 
Tefcd 



0, 



VEF,iVcD,jTij, 



where 



a) To3 = — T30 = ia, T12 = —T21 = ib, other T^j equal 0, a 
b = sin0 (one parameter family for < (p < tt/2) or 



(1.10) 



cos (p, 
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b) Tq2= Ti2 = i, T20 = T21 = -i, other Tij equal Q, or 

c) all Tij equal 0. 
1), s ^ ±1, <t < 1: 



'2112 



= -6, ^2211 = -ia, 



all Hefcd and other Tefcd equal and 

a) a = COS0, b — sm4> (one parameter family for < 4> < n) or 

b) a^b^O. 

2), s = 1: 
the first case: 

-f^iiii = -(a + hi), ifii22 = a + i?2ii2 = -2bi, 
72111 ^ c - di, 71211 = -c - di, 
Tii2i^-c + di, Tiii2^c + di, 

other Hefcd and Tefcd equal and 

a) a = l,c = d = (one parameter family for b G H) or 

b) a = 0, b = 1, d = (one parameter family for c>0); 
the second case: 

Hi2i2 = a + bi, T2112 = (a^ + 6^)/2, T2iu = c-di, 
T1221 = -(a^ + 62)/2, T1211 = -c - di, Tnsi = -c + di, 
Tni2 ^c + di. Tun = -(a^ + b'')/2, 
other Hefcd and Tefcd equal and 



[1.11) 



[1.12) 



[1.13) 



a)a = l,b = 0,c = r cos0, c? = r sin0 (two parameter family for r > 0, 
< < 7t/2 or r = (p = 0) or 
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b) a = b = 0, c = 1, d = 0, or 

c) a = b = c = d = 0. 

2) , s = -1, ( ITT^ and 

a) a = b = 0, c = 1, d = 0, or 

b) a = b = c = d = 0. 

3) , s = ±1, r > 0, all Hefcd o,nd Tefcd equal 0. 

4) , s = I, 



2212 



-26i i/2122 = -bi, H- 



2112 



a — hi. 



2111 = hi, ifi222 = hi, i^i2i2 = a, ^^1211 = -hi, 
i7n2i = -262, i/iii2 = 36V4, iJnii = -46^, 
Tni2 = 96V8 + 3a6i/2, T1121 = -96V8 + 3a6V2, 
T1211 = -96V8 - 3a6V2, T1221 = 36V2, 
T2111 = 96V8 - 3a6V2, T2n2 = -3^72, 

other Hefcd and Tefcd equal and 

a) a = COS0, b = sin0 (^one parameter family for < (p < n) or 

b) a = b = 0. 

4) , s = —1, all Hefcd and Tefcd equal 0. 

5) , s = ±1, <t < I, 

2^1122 = 2^1221 = b, T2112 = —b, T2211 = — ia, 
all Hefcd and other Tefcd equal and 

a) a = COS0, b = sm(f) (one parameter family for < (p < n) or 
h) a = b = 0. 

6) , s = 1, all Hefcd and Tefcd equal 0. 



:i.i4) 



:i.i5) 
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(1.16) 



:i.i7) 



6) ,s = -l: 
the first case: 

-f/'iiii = -{a + bi), i/ii22 = a + bi, i/2ii2 = -26i 

other Hefcd and all Tefcd equal and 

a) a = cos(j), b = sin0 (one parameter family for < (p < it) or 

b) a = b = 0; 
the second case: 

Hi2i2 = a + bi, Tnu = -l{a^ + b^), 
Tu2i = -{a' + b')/2, T2U2 = {a' + b')/2, 
other Hefcd and Tefcd equal and 

a = l, b = 0. 

7) , s = ±1, < t < 1, all Hefcd and Tefcd equal 0. 



Remark 1.7 The classical Poincare group is obtained in the case 1), s = 1, 
t = 1, H = 0, T = 0. The quantum Poincare group of corresponds (in 
spinorial setting) to 1), s = 1, t = 1, 

Hiui = — i?1122 = --^1221 = --^2112 = — -f^2211 = -f^2222 = ih/2, /?, G R, 

other Hefcd and all Tefcd equal 0. The quantum Poincare group of ^ 
corresponds tol), s = l,t>0, H = 0,T = (t is denoted by q there). 
The so called soft deformations correspond to 1), s = ±1, t = 1, H = 0, 
Tab = —Tba G iR. 



Remark 1.8 In the remaining cases 1), s = 1, t = 1 and 5), s = ±1, t = 1, 



one can consider Tmn defined as in Theorem and 



Zij,k — Vii-^jk) — yi,AB^j,CD{HABCE^DF — H BADF^CE)yEF,} 
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(then Habce = \VAB,iVcD,jZij^kVk^ED)- the case 1), s = 1, t 
{Z, T) corresponds to a quantum Poincare group if and only if 



T 

{[{r 



1^^)®1][{1<^Z)Z-{Z®1)Z]],,^^^ = 



1 a pair 
(1.18) 
(1.19) 



A3{Z(g)l)T = 
where goo = ^, gn = 5^22 = fi-sa = -1; other gij = 0, 

A3 = l(g)l®l-r®l-l®T + (r®l)(l®r) + 

(1 ® r)(r ® 1) - (r ® 1)(1 ® r)(r ® 1) 

is the classical (not normalized) antisymmetrizer. In the case 5), s = ±1, 
t = 1 in addition to these conditions we assume 

T,,,,=Ofor#{k: ZfcG{l,2}} = l, 

Z,,,3 = /or (-l)#i'=^ ^..{1,2}} = , 

and get in that way all quantum Poincare groups (up to isomorphism but not 
necessarily nonisomorphic) . 

Let us set rj = g , a = —iTmn^m ^^n, b = —iZij^sgskGi /\^j,k O'TT'd c = (see 
Then (using ^l.lSj )) is equivalent to (3)-(4) of / (7^/ where to is 

identified with t of (3)-(4) of [Tdj] . Thus the table in gives many examples 
of quantum Poincare groups (cf also the remarks at the end of JilBJ). The 
proofs of these statements involve the above formulae and the results obtained 
in the proof of Theorem (with A = —\to in the case 1), s = 1, t = 1 and 
A = —^ito in the case 5), s = ±1, t = 1). 

We denote by dn the number of monomials of nth degree in 4 variables, 

dn = #{{a,b,c,d) eN®^ : a + b + c + d = n}. 



Theorem 1.9 Let B correspond to a quantum Poincare group G and A, w,p 
be as in Theorem \1.A. We set 



B = A - span{pi^ ■ ■■■■Pi 



1 in ^ -^1 



n 



0,1, 



Then B^ is a free left A-module and dim_4;B^ = J2n=odn- 
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We denote by / : PxM — > M the action of Poincare group on Minkowski 
space, C = Poly(M) denotes the unital algebra generated by coordinates Xi 
{i G X) of the Minkowski space M = R^. The only relations in C are 
The coaction \E' : C — > A ® C and * in C are given by 
i^f)ix,y) = filix,y)), r{y)=J(J), xeP,yeM. 

Let X = {g,a) E P, y E M, f E C. One has 

i^Xi){{g,a),y) = Xi{Xgy + a) = {Xgy)i + = {Xg)ijyj + = 

Aij{g, a)xj{y) + Pi{g, a) = {Aij ® xj +Pi'S) I){{g, a),y), hence 

= Aij ® Xj +Pi®L (1.20) 

One gets 

6) C is a unital *-algebra generated by Xj, i G X, and ^ : C — > B ® C is & 
unital *-homomorphism such that (e ® id)\E' = id, (id ® = (A id)^, 
X* = Xi and ( |1.20| ) holds. 

Let "^W C A^W ioT a linear subspace W C C, f e W , y, a e R'^. Then 

f{y+a) = fme,a),y)) = (vl//)((e, a), = (vl//)((e, 0), = /(/((e, 0), y)) = f{y) 

( k{e,a) = k{e,0) for k G A), f = /(O)/ G CI (in fact we have used the 
translation homogeneity of M). Therefore 

7) if "^W C A0W hi a linear subspace W C C then W C CI. 

Let us consider (C, which also satisfies 6)-7) for some x/ G C. Then 

\E'(a;j xi Xi ) = AijAi^ (xj Xm )■ 

Setting = span{x/x/ — x/x/ : i,l E X} and using 7), one gets x/x/' — 
x;'x/ = ttj;/, an G C. Thus a = {aii)i^i^x is an invariant vector of A®A, i.e. 
a = c- g where c G C, 5(00 = 1, gu = g22 = 933 = -1, 9ij = for z 7^ j. But 
an = —an, hence c = 0, x/x/ = x/x/ and we fix the proper choice of (C, \E') 
by means of 

8) if (C, \E'') also satisfies 6)-7) for some x/ G C then there exists a unital 
*-homomorphism p : C — > C such that p(xi) = x,' and (id ^ p)'$ = ^' p 
(universality of (C, \1')). 
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Definition 1.10 We say that (C, describes a quantum Minkowski space 
associated with a quantum Poincare group G, Poly(G) = {B, A), if 6)-8) are 
satisfied. 



Remark 1.11 This definition doesn't depend on the choice of A (see Propo- 
sition S5. 7). 



Theorem 1.12 LetG be a quantum Poincare group withw,p as in Theorem 
\1.4\ - Then there exists a unique (up to a * -isomorphism) pair {C, describing 
associated Minkowski space: 

C is the universal unital * -algebra generated by Xi, i = 0, 1, 2, 3, satisfying 

'tic 1 — OC 1 QiTl/d 



{R - l'^^)ij^kl{XkXi - r]k{Aim)Xm + Tkl) = 0, 

and \1/ is given by (|1.2CI|) . Moreover, 



where C = spanjxj^ ■ 



Xi 



dimC 



N 



N 
n=0 

, z„, e X, n = 0, 1, 



We set m = {V-^ ® V-^){1 ® X ® 1)(E ® tE), Z 



ij,k 



..,N}. 



R, 



( R Z -R-Z (i?- 1®2)T 

1 

10 

V 1 J 



mp 



^ m 





V y 



:i.21) 



:i.22) 



:i.23) 



Theorem 1.13 LetG be a quantum Poincare group withw,p as in Theorem 
m\ . Then 

1) Mor(P®P,P®P) = Cid©Ci?p©Cmp. 

2) Let us consider the cases listed in Theorem |i.6| . Then W G Mor(P®P, VQJP) 
and 

{W ® 1)(1 ® W){W (^1) = {1(^W){W ® 1)(1 O W) (1.24) 
if and only if 
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a) W = X ■ id (x E C*j or 

h) W = y ■ Rp + z ■ nip (y, z E C, for 4), s = 1, b one must have 
y = 0). 

Those W are invertible if and only if we have the case a) or b) with y 0. 

2 Proof of the classification 

In this Section we prove the Theorems of Section 1. 

Let if be a quantum Lorentz group, i.e. Poly{H) = {A, A) satisfies 
the conditions i.-iv. of Section 1. According to ||14|, we can choose w in 
such a way that A is the universal *-algebra generated by wab, A,B = 1,2, 
satisfying (|r|)-(|r|), where X = tQ', Q' = aQ and 

1) E = ei (g) 62 - qe2 ®ei, E' = -q'^e^ + (g) e\ Q is given by (13)-(19) 
of in, geC\{0,2,-2},or 

2) E = ei (g) 62 - 62 ® ei + ei (g) 6i, E' = -e^ (g 6^ + 6^ (g 6^ + 6^ (g 6^ Q is 



given by (20)-(21) of |M, we set g = 1 in that case. 



6i = ( Q ) ' ^2 = ( ^ j, = (1,0), 6^ = (0,1) (due to remarks before 



formula (1) in |T^, E'E ^ which means q ^ ±i). In all these cases X 
is invertible, A is given by Awij = Wik (g Wkj and {A, A) corresponds to a 
quantum Lorentz group. The numbers a 7^ are not essential now and are 
chosen in such a way that 

{X (g)l){l(g)X){E^l) = l(g)E (2.1) 

(see (5) of [1^). Then (we use (6) of and direct computations) 



tXt = (3~^X (2.2) 

for some (3 G {l,-l,i, -i}. We set E = tE e Mot{I,w®w), E' = Wt e 
Mor(w®u;, J), where 6j (g Cj, (g e\ i,j = 1,2, are treated as reals. Using 
Uh.Q and 

{E' (g) l){l(g) E) = 1, {1(g) E'){E ® 1) = 1 
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(see (3) of matrices of E' and E are inverse one to another), one obtains 
(using e.g. diagram notation) 



(l®X-i)(X-i® 1)(1®^) =^®1, (2.3' 

/5-2(l®X)(X®l)(l®E) = E®1, (2.4 

/32(X-i®l)(l®X-i)(^®l) = 1®E, (2.5 

{1^E'){X (g)l){l^X) = E' (g)l, (2.6 

(E'®l)(l®X~i)(X-i®l) = 1®E', (2.7 

/3-2(^'® 1)(1®X)(X®1) = (2.8 

/?2(1 ® E')(X-^ ® 1)(1 ® X-') = E'(^1. (2.9 

Proposition 2.1 ('c/ Theorem 6.3 of Remark 2 on page 229 of [l^J) 
Let g G C \ {0, roots of unity } (^ti;e treat q = ±1 as not a root of unity). 
Then 

1) there exist representations (s E N/2j of H such that = I, w^l"^ = w, 
dim w'^ = 2s + 1 and 



w 



'®w'' ~ w\'-''^ © © ... © w'^'' (s, s' E N/2) 



2) w'^CDw'^' (s,s' E N/2^ are all unequivalent irreducible representations of H 

3) w'^w^ - w^Qku' (s, s' E N/2) 

4) each representation of H is completely reducible 

Proof. Let Ahoi be the subalgebra of A generated by matrix elements of w. 
Then Poly{Hhoi) = (Ao«, ^U^„;) is a Hopf subalgebra of Poly{H) = {A, A). 
According to Proposition 4.1.1 of IT^, Ahoi is the universal algebra gener- 



ated by matrix elements of w satisfying the reletions ( |1.4| ) and ( |1.5|) . Due 
to Theorem 4.2 of |T^ and the facts given in cases I, III of Introduction to 
[|1^ (cf (1.9), (1.30) and Theorem 1.15 of 0), 1) holds and matrix elements 
of w'^ {s E N/2) form a linear basis of Ahoi- Using Proposition 4.1.2-3 of 
matrix elements of w'^Qw'^' {s, s' E N/2) form a linear basis of A. Now 



Proposition 4.1 of [|T3| (see also Proposition A. 2 of 101) gives 2) and 4). The 
condition iii. of Section 1 implies (Tr w){Tr w) = {Tr w){Tr w). That 
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and 1) give that Tr v {v & Irr H) commute among themselves. In virtue of 
Proposition B.4 of (cf also Proposition 5.11 of |jl2[), one obtains 3). □. 



Proof of Theorem We have Hopf *-algebra B, its Hopf *-subalgebra A 
and two-dimensional representation w of A which satisfy the conditions i.- 



iv.,( |1.2| ) and 1.-6. of Section 1. We shall use the results of Section 1 of |10 
with A replaced by £ = w(j)w, Cab,cd = wac^bd*- Hence we deal with 
Pab = VAB,iPi instead of pi. In virtue of (SI. 3), it suffices to check (SI. 5) for 
the generators: a = wab or a = wab* ■ Inserting such a into (SI. 5), we get 

Gc e Moi {w®u)®w,w^Qhju), Gc E Mor(w®u7®w, wCDwCDiD), where 

{Gc)aBC,DEF = fAB,EF{wcD), (Gc) ABC, DBF = f AB,Ef{wcD*) ■ (2.10) 

Thus = (1 (g) X)A, Gc = B{X'^ (g) 1), where A is an intertwiner of 
w(l)w(t>w — Q) w, B is an intertwiner of ~ w®U7^ © w. But 

w^(l)w, w, wClku^, w are irreducible (we use Propositions 4.1 and 4.2 of P^), 
hence 

Mor{wOwQw, wQwOw) = CEE' ®1® Cl®^ 
Mor(w®?Z;®u;, w®w®w) = CI O EE' ® C1®1 
Therefore A = L®1, B = 1®L^ where 

L = al®'^ + hEE\ L = al'^^ + bEE', a,d,b,beC. (2.11) 

According to (SI. 3), / : A — > M4(C) should be a unital homomorphism. 
It means that / should preserve the relations (Q, (|r|)*, {^*, QT^ ) 

(( |1.4] )* denotes the relation conjugated to ( |1.4| ) etc.), i.e. 

{Gc^l){l®Gc){E®l'^^ 

iGc^l)il(S)Gc)iE(g)l^^ 
{l^^®E'){Gc®l){l(S)Gc 
{l^^(g)E'){Gc®l){l(S)Gc 
(Gc ^ l)il(S) Gc)iX (g)l^^) = (1®2®X)(G 



Using (U), 
to 



(L®1)(1®L)(E 



l^^^E, 


(2.12) 


l^^^E, 


(2.13) 


E' ® 1^^ 


(2.14) 


E' ® 


(2.15) 


;£®1)(1®G£). 


(2.16) 


(|2.12|)-(p.l5) are 


equivalent 


®E, 


(2.17) 
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p-\L0l){l®L){E0l) = 10 E, (2.18) 

{l0E'){L(g)l){l(g)L) = E'(g)l, (2.19) 

/3"\l0E'){L(g)l){l®L) = E' (g)l. (2.20) 

Using (|2.11| ), computing a,b,a,b, and inserting them into ( |2.11|) , one gets 
that the solutions of (gl7D-(^) are 



L = L„ L = PtLjW, ^,j = 1,2,3,4, (2.21) 

where 

L, = q,{l^' + q-'EE'), (2.22) 

gi,2 = ±0'^, 5'3,4 = ±q~^- Using these relations, (PTT]), (P^), ( P^ and (P78|), 
we get that (|2.16| ) is satisfied. Therefore, the solutions of (SI. 3), (SI. 5) are 
given by ( p. 101) , where 

Gc= {1®X){L®1), Gc = {l^L){X-^®l), (2.23) 

L,L are given by ( |2.21| )- (p.22|) (in general 16 solutions). Moreover, 

{Rc)aBCD,EFGH = fAB,GH{^CD,EF) = 
fAB,MN{wcE)fMN,GH{wDF*) = {G c) ABC,EMn{G c) MND,FGH , 

Rc = iGc(8)l)il(S)Gc) = (l®X®l)(L®L)(l®X~i® 1). (2.24) 

We know that pab ®Pcd form a basis of (T2)inv which transforms under A2L 
according to C®C It is easy to check that the decomposition into irreducible 
unequivalent components 

corresponds to 

(r2)m. = Wn ®Wi®Wi®Wo (2.25) 

where 

Wn = span{{(f)0ilj){mX-^0l)ip®p) : e (C^^C^)', (f)E = 0, i/jE = 0}, 

Wi = {{(P®E'){1^X-' ^l){p^p) : 0G(C2®C2)', 0^ = 0}, 
Wi = {{E' ® ® X-^ l){p ® p) : ^G(C2®C2)', ^E = 0}, 
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Wo = C{E' 0E'){l®X-^0l){p®p) 

(indices as in matrix multiplication rule have been omitted). But is the 
matrix of p in the basis pab ® Pcd (see remark after (SI. 13)). Using (|2.24|) , 
we get that ( p.25| ) corresponds to 

Comparing the condition 6. with Proposition SI. 6, we get dim K = Q. 
Therefore K^v = Wi © Wi. But Proposition SI. 4 implies K C ker(p + id), 
hence fiqiqf = Pqi^q]'^ = 1. Remembering that /3 G {1, —i}, q ^ ±?, 

we get q = ±1. Thus we can (and will) omit L^,L4^. We obtain (3 = q, 
i = j or P = —q, i ^ j {q E {1,-1}, i,j G {1,2}). In all these cases 
p = 1 © -1 © -1 © 1, hence K = ker(p + id). Moreover, p^ = id, = 1®^. 
In virtue of Proposition ^]l] the conditions a)-c) of Section 2 of [|l^ are 



satisfied and we can use the results of Sections 1-4 of |T0|. In particular. 
Corollary S4.2 implies the first statement of the Theorem. 

Let us pass from £ to A = V-^CV (see (O)). Since V = tV, A = A. 
We replace pab, A,B = 1,2, corresponding to C hj pi = V'^^Pab, fAB,CD 
by = V-2BfAB,cDVcD,j (cf (S1.2)), Rc, Gc and Gc hy R = ® 
V-^)RciV (g)V),G= {V-^ © l)Gc{l ®V),G= {V'^ © l)Gcil © V). Then 
( ^lUD gives 

fijiwcn) = Gic,Dj, fijiwcD) = Gic,Dj- (2.26) 

Now we pass to a new pi such that p* = pi without change of ^, 
p, K, /jj, i?, G and G (see Proposition S4.5.1 and (SI. 2)). We redefine pab 
accordingly. In virtue of Proposition S4.5.2, (S4.10) holds. Setting a = wef* 
and passing back to C one has /ba,dc('^^f) = fAB,CD{wEF*)- It means 



{G i^)eba,dcf — {G c)abe,fcd-, (2.27) 



i.e. (L-^®l)(l©X-i) = (L7i©l)(l©X-i) (we used (^7^, (^ 



Thus Li = Lj, i = j . Consequently, P = q = ±1 and i = j = 1,2. Conversely, 
this condition gives (S4.10) for a = wef* and (using 5*0* = ^koS*"^) a = Wef, 
hence for all a & A. The list of X such that /3 = g = ±1 is provided in the 
formulation of Theorem |1.4| (they contain factor a which is computed in 



such a way that ( |2.1| ) is satisfied, we also restricted the range of parameters 



according to remarks on page 220 of ||1J])- For E, E', X as in Theorem |L4 
and fij computed above (SI. 3), (SI. 5) and (S4.10) (for A) are satisfied. 
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According to Proposition the only 2-dimensional irreducible repre- 
sentations of H are f/wf/-\ UwU-^, U G GL{2, C). Thus if : — > A2 
is an isomorphism of Hopf *-algebras Ai, A2 included in our list, then 

(1) (f){w) = UwU-^ or (2) (t){w) = UwU-\ 

Let us consider the case (1). We denote E,E',X for Ai, i = 1,2, by 
Ei,Ei',Xi. Applying to (|0|)-(|0|) for Ai, one gets 



{U-^®U-^)Ei = k-^E2, 

Ei'{U ®U) = k'E2', 
(f/-^ O U-^)Xi{U ®U) = 1X2 
for some k, k', / G C*. Considering (^^-(^^, one gets Ei = E2 = E and 

U G GL{2, C), = A;' = det U for E = d (g) 62 - 62 ® ei. 



(2.28) 

(2.29) 
(2.30) 



U E {y^ ^ j : m G C*, x G C}, k = k' = iv? 

for E = d ® 62 — 62 ® ei + d ® 61, 

for = 61 ® 62 + 62 61. 

Inserting such U in ( p.30|) , one gets (for = 61 62 — 62 ® 61 see Section 
5.1 of 0) Xi = X2 = X, / = 1, so 



{u-^ ®U~^)X{U ®U) = x 

and in particular cases: 

1) t = l: U e GL(2,C) 
0<<<1:C/.{(S o)-,y.C.} 

2) t/ = m ( ^Q*^ ) , e C*, a; G C, G R 



(2.31) 
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3) U = m 
A) U = m 

5)Ue{ 



1 X 

1 ^ 

1 ix 
1 



/ X 




r 


X \ 


\ 


y 




) 



m E C^, X E C 
, m E C*, X G R 

■■ x,y E C*} 



6) UElml V m G a, (/> G R 



1 
1 



1 
-1 



1 

1 



1 
-1 



7) U E{m 

a}. 

Next, let us consider the case (2). Then 

Ei'{U ® f/) = k'E2', 

for some k, k', I E C*. Considering (|2.32|) - (|2.33|) , one gets Ei = E2 = E 
U E GL{2, C), A: = A;' = - det [/ for E = d (g) 62 - 62 ® ei, 



: m G 



-1 V -1 
^2 



(2.32) 

(2.33) 
(2.34) 



UE{\ 



m X 
— m 



: m G C=K, X E C}, k = k' = 



for E = d ® 62 — 62 ® ei + ei ® 61, 



[/G{ 



/ X 






X \ 


\ 




r 

\ y 


1 



: a;, ?/ G C*}, k = k' = xy, 



for £^ = 61 ® 62 + 62 (8) 61. 

Inserting such U in (|2.34|) , it is possible only for Xi = X2 = X in the 
following cases: 



1) t = l: U E GL{2,C), I = 1 
1 X 



3) r = 0: U = m 



1 



, m E C*, a; G C, / = 1 
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A) U = m\^^ _\ j ■ J j, m E C^, X eR, I = 1 

(/ is computed for normalization of X as in Theorem p. .41 , which includes a). 
In particular, all considered {A, A) are nonisomorphic. □. 



Remark 2.2 Using l \2.1'l\ )- i\2^ ) for i = j = 1,2, f3 = q = ±1, one also 
gets 

(10 L){L® E) = E 01, (2.35) 

{1(g) L){L 1) {1(g) E) = E(g)l, (2.36) 
{E' 0l){l(gL){L0l) = l0E', (2.37) 
{& ® 1) (1 ® L) (L ® 1) = 1 ® E'. (2.38) 

Let us repeat that K = ker(p + id), = id, the conditions a)-c) of 
Section 2 of are satisfied and we can use the results of Sections 1-4 



of We notice that L,L,G,G and R given before Theorem O and in 



the proof of Theorem |1.4| coincide {i = j = 1 corresponds to s = 1, while 
i = j = 2ios = —1). They correspond to A as in ( |1.2[ ), A = A. 

Proof of Theorem \l.d[. Using Theorem IL^ and Corollary S3. 8. a, B is the 



universal *-algebra with / generated by wab and Pi satisfying (|1.4| )-([r 



Next, (S2.6) coincides with a), (S4.10)-(S4.11) imply b), (|]26D gives the 



first formula of c). The next two formulae in c) can be treated as definitions 
of Hefcd and Tefcd- Since w,w and V are representations, formulae con- 
cerning Hopf structure follow. Uniqueness of /, r], T and *-Hopf structure is 
obvious. 

Let B,B describe two quantum Poincare groups and A,A,A,p,f,ri,T, 
A, A, A,p, f, fj, T be the corresponding objects as in Theorems |T]^ and pT5[ 
Assume that : B — > B is an isomorphism of Hopf *-algebras. According 
to Proposition S4.4, one has (p{A) = A and we put 0^ = : A — > A. 
Due to the proof of Theorem p,.5| , one has 

(1) (j)(w) = UwU-^ or (2) (hiw) = Um~\ 
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Using (|L2D, one gets 0(A) = MAM'^ where 

M = V'\U U)V in the case (1), 

M = q^/^V^iU ® U)XV in the case (2). 



(2.39) 



Using and (g^), one gets M = M {q^^ = /3q^/^ since (3 = q = ±l). 
In virtue of (S4.2), one has 

fijiwco) = Uc\{M'^)iifim{wAB)MmjUBD in the case (1), 

fijiwco) = UcAiM~'^)iifimiwAB*)MmjUBD m the case (2). 

Using (|2:28|)- (|2:30|) or (|2;32D-(|]3|), we get L = L in all cases. Thus there 
are no isomorphisms between quantum Poincare groups with different s. □. 

Using the computer MATHEMATICA program, we made several compu- 
tations performed in 

Proof of Theorem \l.t\ . Let B, A, A, A, /, 77, T describe a quantum Poincare 
group. According to Propositions S4.4 and S4.5.3, it is always possible to 
replace rj by f) = t] + fh — eh where hi G R. We put A = A, w = w, c = 1, 
M = I4, 0_4 = id, and / doesn't change. Thus we substitute Hefcd by 

HeFCD = VEF,iVi{'^CD) = Hefcd + fEF,AB{wcD)hAB — ^cohEF, 

where fEF,AB{wcD) are given by ( |2.10|) and (|2.23|) , hEF = VEF,ihi (i.e. 
hu, h22 G R, hi2 = h2i G C). In each equivalence class obtained by such sub- 
stitutions we restrict ourselves to exactly one H singled out by the following 
constraints: 

no constraints for 1), s = 1, t = 1, 

Hnii G zR, //2222 e ^R, ^1222 = for 1), s = l,t^ 1, 

i^iii2 = 0, if2ii2 G ^R for 2), s = l, 

/Jim = 0, ifiii2 G iR, -ffmi G iK for 3), s = 1, 

^^2111 e iR, Hn22 G R, Hui2 G iR for 4), s = 1, 

Hull e iR, H2U1 = 0, i/2222 G iR for 5), s = 1, t 7^ 1, 

i/1111 G zR, 1^2222 e zR for 5), s = 1, t = 1, 
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iJii22 G iR, Hni2 = 0, if22ii G for 6), s = 1, 

iJll22 e iR, if2222 e iR, -^1222 = for 7), S = 1, 

iJiiii G iR, -f/'i222 = 0, if2222 G ^R for 1), s = -1, 
i7ii22 G «R, ^^"1211 = 0, if22ii G «R for 2), s = -1, 
H2U1 = 0, Hull G ^R, -f^22ii G ^R for 3), s = -1, 
if 2211 G «R, iii222 = 0, ii'liii G zR for 4), s = -1, 
iii222 = 0, Hull e iR, ii2222 G iR for 5), s = -1, t 7^ 1, 
iii222 = for 5), s = -l,t = l, 
iii2ii = 0, //2112 G iR for 6), s = -1, 

ifll22 e iR, -^1222 = 0, -^2222 G iR for 7) , S = - 1 . 

We also may and will assume (S3. 50). 

In virtue of the theory presented in Sections 1-4 of [|lOl (see e.g. Theorem 
S3.1 and Proposition S4.5) Hefcd and Tefcd give a quantum Poincare 
group if and only if (SI. 5), (S2.6), (S2.14), (S3.1), (S3.2), (S4.10), (S4.ll) 
and (S4.12) are satisfied (cf the proof of Theorem |1.4| ). We shall investigate 
subsequent conditions and dealing with next ones we assume that previously 
investigated conditions are satisfied. We already know that / is a unital 
homomorphism satisfying (p.26|) , (SI. 5) and (S4.10). Thus (S2.6) means that 
applying 7]i to the relations ( |L4|) , (0)*, ( lOD , (iLSp* and ( lOD (* means that 
we conjugate the relation) and using (S2.5), one gets relations on H'^a,b = 
Vii'^AB) and H]j^^ = rii{wAB*), which should be satisfied. They read as 
follows: 

{{G^1){1®H'") + {H'" ®1)}E = 0, (2.40) 
{(G®l)(l®iJ'^) + (i7'^®l)}E = 0, (2.41) 
(1 ® E'){{H'" ® 1) + (G ® 1)(1 ® H"")} = 0, (2.42) 
(1 ® E'){{H'' ® 1) + (G ® 1)(1 ® H"^)} = 0, (2.43) 
(1^2 ® X){{H'" ® 1) + (G ® 1)(1 ® if'^)} 

(2.44) 



Setting a 

{.H'^)iE,F 



{{H'' ® 1) + (G ® 1)(1 ® i7"')}X 
Wee* in (S4.ll), one gets 



Vi{wE\) 



Vj[WLE) 



-G 



-1 , 



EiJL ■ J^jL,E 



(2.45) 
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(we used (S2.5), (S1.4) and (^2^)). Conversely, {^A^ gives (S4.ll) for 
a = wef* and (using So*oSo* = id)a = w^p, hence for all a G ^ (it 
suffices to check the conditions (S4.10)-(S4.11) on generators of A as algebra: 
they are equivalent to Theorem |1.5| .b for a*). 

Using the 16 relations (|3), (pD-(pD, (^^-{^2^ and 



one gets that ( p.40|) is equivalent to ( p.42|) , (|2.41| ) is equivalent to (|2.43|) 



Moreover, ( p.40| ) is equivalent to ( p.41|) (one conjugates ( p.41| ) and uses (|2.27|) 



(|2.45|) ). Thus (|2^ )-( |2.43|) are superfluous. The remaining equations: ( p.44| ) 
(with inserted (|2.45| )) and ( p. 401 ) give a set of R-linear equations on Hefcd = 



VEF,iH^C,D- 

Next, (S3. 50) gives a set of linear equations on Tefcd = VEF,iVcD,jTij. 
By virtue of (S3. 50) and (S4.14), one obtains (T was defined after (S4.12)) 
RT = —T, RD = —D, where D = T — T. Therefore D corresponds to a 
subrepresentation of A®A equivalent to © w^. But (S4.12) means that D 
is an invariant vector of A®A, hence D = 0, T = T (conversely, this implies 
(S4.12)). This gives a set of R-linear conditions on Tefcd- 

According to Proposition S3. 13 and Corollary S4.9, we may replace (S2.14) 
by (S3. 55) for b = wab- But this is equivalent to M e Mor(w, A®A®u;), 
where Mijc,B = r'^iwcs)- Using [{R+lf)(g)l]M = (see (S3.54)), one gets 
M = [iy-^ (g) V'^){1 ® X ®1) (g) 1]A^, where G MoT{w,w®w<SXu<S)wQkv), 
(Li ® Li ® 1)A^ = — {L®L doesn't depend on s, one can put s = 1). Thus 
Nabcdf,g = Pabf,gEcd with P e Mot{w,w®w(£}w), (Li ® 1)P = q^/'^P. 
It means P = XI ® E + jj^E ® 1, {EE' (g) 1)P = 0. Hence n = ^qX, 
P = X{10E + \qE (g) 1). On the other hand, 

t'^{wcb) = {R - l'^^)ij,kliVl{wCA)Vk{wAB)- 
Vk{Ms)Vs{wcB) + TklScB - fln{wcA)fkm{wAB)Tmn)- 

Using ( [L2|) , (S2.5), (|2.45|) and ( p. 261) , one gets a set of equations containing 



terms bilinear in Re Habcd, Im Habcd, terms linear in Re Tabcd, Im Tabcd 
and terms linear in Re A, Im A. 

We shall prove that (S3.1) is equivalent to A G g^/^R. One has (see ( |1.2| )) 
F = (\/-i V-^ (g V'^)JV where F={{R- if ) 1)F and 

JqRTVAB,CD = VQR^iVTV,j'T^^{wACWBD*)- 

Using Proposition S3. 13, 

t'^{wacWbD*) = r'^{wAc)SBD + GjA,EsGiE,Cmr"'"{wBD*). 
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But in virtue of Proposition S4.8 



Using once again Proposition S3. 13 for a = ^^5, b = Wg}), multiplying both 
sides by G^s,iP^l'ln,jL conjugating both sides, one gets 



(see (|2.27|) ). Inserting all these data, after some calculations (using the 16 
relations), one obtains 

J = XqA + XB + ^{X + Xq)C 

where A = {1 (g) X (g) X ® 1){E ® X (g) E), 

B = 1(g) {1(g) X~^ (g) 1){E ^ E) (g) 1, C={l(gX(gl){E(gE)(gl(gl. 

We shall also use D = 1 (g 1 (g {1 (g X (g 1){E (g E). Using ( pl24[ ) and the 16 
relations, one has 

{Rc ® 1)A = -A- qC, {Rc ® 1)B = -B- qC, 

{Rc ® 1)C = C, {Rc (gl)D = D + qA + qB + C, 

{l(g Rc)A = -A- qD, {1 Rc)B = ~B ~ qD, 

{l0Rc)C = C + qA + qB + D, {Kg Rc)D = D. 

In particular, {Rc ® 1)J = —J (it also follows from (S3. 54)). Thus we can 
compute 

~2{V (gV(g V)AsFV-^ = {V®V^ V)AsFV-^ = 

[l®l®l-l®i?£-i?£®l + (l® Rc){Rc ® 1) + 

{Rc ® 1)(1 ® Rc) - {Rc ® 1)(1 ® Rc){Rc ® 1)]J = 

2[J - (1 ® Rc)J + {Rc (gl){l® Rc)J] = 3(Ag -X){A- B). 

But A ^ B (im[(l ® X'^ (g X'^ (g 1)A] = imE (g) (g) imE while 
im[(l <g X"^ (g) X^^ (g 1)B] = (g Wo (g) C^, where dim imE = dim imE = 
dim Wo = I), hence A3F = if and only if A = qX, i.e. A G g^/^R. 
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We notice that 



A©A®A ~ wQwOwQw^wQw ~ (w © w © w^^'^)Q{w © w © ^3/2)^ 
hence 

Mor(/,A®A®A) = {0}. (2.46) 

Therefore (S3. 2) is equivalent to A^^Z ^14^ — 14^^ Z)T = 0. This gives a set of 
equations, which are R-hnear in Re Habcd'^^ Tefgh, Im Habcd'^^ Tefgh, 
Re Habcd ■ Im Tefgh and Im Habgd ■ Im Tefgh- Our strategy is as follows: 
we set constraints for Habcd as before, solve R-hnear equations, insert these 
data into R-bilinear equations and finally use the condition for A and the last 
set of equations. In the cases 1), t = 1, s = 1 and 5), t = 1, s = ±1, we 
haven't solved the R-bilinear equations (but see Remark |1.8|) . In other cases 
one gets the following solutions (with the parameters being real numbers): 



([TTOD with Tab = -Tba e iR for 1), s = -1, t 



( [TTID for 1), s = ±1, < t < 1, 



( [LT2|) or ( [TJ3|) for 2), s = 1 



([LTD with a = 6 = for 2), s = -1, 



(|rT§ for 4), s = 1, 



( [TTSl) for 5), s = ±1, < t < 1, 



([LleD or ([TTtD for 6), s = -1, 



in the remaining cases all Hefcd and Tefcd must equal 0. Moreover, A = 
86^ in the case 4), s = 1 and A = in other solved cases. 

Let us remark that for fixed wab and Pi\ 0j, rji and Hefcd are uniquely 
determined (cf (SI. 6)). Moreover, Tefcd satisfying (S3. 50) are also uniquely 
determined: if T' would also satisfy (S3. 46) and (S3. 50), then for L = T — T' 
we would have 

= (i?-lf )(L-(A®A)L) = (i?-lf )L-(A®A)(i?-lf )L = -2(L-(A®A)L), 

L G Mor(/,A®A), but RL = —L gives that L corresponds to the subrepre- 
sentation oi A®A, L = 0,T = T'. 

It remains to check which pairs {H, T) as above give isomorphic objects. 
In virtue of Propositions S4.4 and S4.5 and above remarks it would mean 
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that {H^ T) is obtained from [H, T) via formulae (S4.3)-(S4.4) with c, hi G R, 
c 7^ 0, M as in (|2.39|) . After some calculations one can choose one pair (if, T) 
in each equivalence class (for each considered case). The results are presented 
in the formulation of the Theorem. □. 

Proof of Theorem \1.9[ . In virtue of Corollary S3. 6 it suffices to prove 
dim Sn = dn- Taking K = C = w(l)w, one has the projection Sn = 
^ X^TreHn Rn, where R.^ = {Rc)n ■ ■ ■ ■ ■ {Rc)ik ^ minimal decomposition 
TT = ti^- ti^, Rc= {1®X 1)(L (g)L)(l (g)X"^ (g) 1). Putting 

Kx = (1^""^ ®X(E) i^"-i)(i^"-2 ® X ® X ® . _ _ _ . 

(1 O X ® . . . ® X ® 1)(X O . . . O X) 

and Kr defined similarly with X replaced by r, one can define = KxSnKx 
and Sn' = K'^Sj/Kt-. Therefore dim Sn = ti Sn = tr Sn = tr Sn" ■ 
One gets the formula for Sn" as for Sn but with Rc replaced by Rc" = 
(1 (g) r (g) 1)(L (g) L){1 (g r"^ (g 1) (we use the 16 relations). 

Moreover, L (g L = Lq (g tLoT where Lq = 1®^ + q'^EE', E = d (g 62 - 
ge2(gei+toei(gei, E' = -ge^(ge^ + e^(ge^ + toe^®e^, q = ±1, to = 0, 1 (for 
q = —1 one has to = 0). Replacing ei by cei, 07^ 0, one has to replace by 
c~^e\ Lq by Lq with replaced by c ■ to- Thus (for g = 1) tr Sj' doesn't 
depend on to G C (for to 7^ and also for to = in limit). So we may put 
to = 0. Then LqCi (g ei = ei (g ei, Loe2 (g 62 = 62 (g 62, LoCi (g 62 = ge2 ® ei, 
ivoe2 (g ei = gei (g 62. Setting y4Q,/3 = (g C/j, one has 

It is easy to show that Sn"{Rc')k = {Rc")kSn" = Sn", Sn" is a projection, 

Sn" {Af,^ ®A%'®Af,'®Ag^), a + b + c + d = n, 
form a basis of im S'„". We get 

dim Sn = tr Sj' = dim im Sj' = 
#{(a, 6, c, d) e N®^ : a + 6 + c + d = = 

□ . 
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Proof of Theorem |0^ . We know that A®A ~ / © w^CDuA ®w'^®w^, 
where ker(i?+ if ^) corresponds to w^©w^. Therefore (S5.2) holds. Moreover, 
( |2.46D coincides with (S5.4). Using Theorem S5.6, we get the first statement. 
The second statement follows from Proposition S5.3, Proposition S5.5 and 
dim Sn = dn (see the proof of Theorem |1.9|) . □. 



Proof of Theorem \1.13^ . We know that (S3. 59) holds (see (S3. 2) and 
(|]46D) and R ^ ±lT (see the proof of Theorem [T^) . Moreover, (A®A)m' = 



m' means that m' is proportional to m. According to the proof of Theorem 
L^ , F = if and only if A = (otherwise, using A = gA, A + B + qC = 0, 



acting 1 (g) C = Vo © = im C = im D = (g) Vo where 
Vq = im[(l © X © l)(i? ® E)], dim Vq = 1, contradiction), which means 
6 = in the case 4), s = 1 and no condition in other cases listed in Theorem 
Then we use Proposition S3. 14. □. 



Remark 2.3 According to Corollary S3.8.h, B is the universal unital algebra 
generated by A and Pi (i G I) satisfying Iq = /_4, (S3. 48) and (S3. 47) for w 
and w (cf Remark S3. 10). 
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